[I] If contamination is observed in an aquifer, a backward probability model can be used to obtain information about the former position of the observed contamination. A backward location probability density function (PDF) describes the possible former positions of the observed contaminant particle at a specified time in the past. If the source release time is known or can be estimated, the backward location PDF can be used to identify possible source locations. For sorbing solutes, the location PDF depends on the phase (aqueous or sorbed) of the observed contamination and on the phase of the contamination at the source. These PDFs are related to adjoint states of aqueous and sorbed phase concentrations. The adjoint states, however, do not take into account the measured concentrations. Neupauer and Lin (2006) presented an approach for conditioning backward location PDFs on measured concentrations of non-reactive solutes. In this paper, we present a related conditioning method to identify the location of an instantaneous point source of a solute that exhibits first-order decay and linear equilibrium or non-equilibrium sorption. We derive the conditioning equations and present an illustrative example to demonstrate important features of the technique. Finally, we illustrate the use of the conditioned location PDF to identify possible sources of contamination by using data from a trichloroethylene plume at the Massachusetts Military Reservation.
Introduction
[2] The movement of groundwater contaminants is un certain because of both the spatial variability of flow and transport parameters and the scarcity of data. As a result, predicting the movement of a contaminant plume is impre cise. Likewise, identifying an unknown source of contam ination is affected by these same limitations, and is further complicated by the sparse and imperfect measurements of the existing contaminant plume. This paper presents a method for identifying sources of reactive contaminants using probability density functions that are conditioned on the measured concentrations. We consider contaminants that undergo first-order decay and linear equilibrium or non equilibrium sorption.
[3] In modeling the movement of a contaminant plume, the position of the plume is often treated as a random variable that accounts for the spatial variability and uncer tainty of aquifer parameters. Dagan [1982] introduced the concept of a location probability density function (PDF) as a means of predicting the random concentration distribution, and used spatial moments of the PDF to detennine the expected value and variance of the predicted concentration. The spread of the plume is a direct result of the aquifer heterogeneity, and therefore the second spatial moment (variance) of the plume depends on the covariance of the hydraulic conductivity. Moments of location PDFs have been used extensively in this context to predict solute concentrations in heterogeneous porous media [e.g., Dagan, 1982 Dagan, , 1984 Dagan, , 1987 Kitanidis, 1988] and to quantify macro dispersivity [e.g., Dagan, 1990] . A similar approach has been followed for reactive solutes. Dagan and Cvetkovic [1993] and Cvetkovic and Dagan [1994] developed spatial and temporal moments of the aqueous-phase concentration distributions of a solute that undergoes linear sorption. The moments are derived from the moments of the concentration distribution of a non-reactive solute and a distribution function that characterizes the sorption kinetics. This approach has been extended to non-linear sorption Cvetkovic and Dagan, 1996] and to aquifers with spatially variable sorption properties [Cvetkovic et aI., 1998 ].
[4] Similar work has been done to analyze solute transport through the use of a traveltime probability density function that is related to the solute mass flux [e.g., Selroos and Cvetkovic, 1994] , and through the use of temporal moments of mass flux of non-reactive [Shapiro and Cvetkovic, 1988] and reactive solutes [Cvetkovic and Shapiro, 1990; Selroos and Cvetkovic, 1994; Cvetkovic, 1996, 1998; Rubin et al., 1997; Lawrence et al., 2002; Sanchez-Vila and Rubin, 2003] .
[5] The spatial and temporal moments of concentration distributions are useful in predicting the movement of a contaminant plume away from a known source. If contamination is observed in an aquifer, but the source is unknown, a backward location probability density function can be used to obtain information about the source location. A backward location probability density function (PDF) describes the possible former positions of the observed contaminant particle, and can be used to identify sources of groundwater contamination. Wilson [1999, 2001] have shown that backward PDFs are related to adjoint states of concentration and therefore can be obtained by solving the adjoint of a forward contaminant transport model. In the adjoint equation, the flow field is reversed, simulating upgradient movement in reversed time. The observation location is treated as a source of an adjoint state (state variable that is related to the PDF), and the movement is tracked upgradient and backward in time, leading to probability density functions of possible former locations or release times of the observed solute particle. The variance of the PDF is controlled by the dispersion coefficient, which accounts for the unmodeled velocity variations due to heterogeneity of hydraulic conductivity. Spatial variability of heterogeneity exists at multiple scales [e.g., Dagan, 1986] . The larger-scale heterogeneity can be explicitly modeled in a groundwater flow simulation. Heterogeneities at scales smaller than a grid block in the numerical model cannot be modeled explicitly, and therefore are accounted for through the dispersion coefficient.
[6] For sorbing solutes, both the former position and the former phase of the contaminant particle are unknown; therefore two different backward location PDFs can be obtained. The aqueous phase backward location PDF describes the possible positions of the observed particle if it had been in the aqueous phase at the former time of interest; and the sorbed phase backward location PDF describes its possible positions if it had been in the sorbed phase. For kinetically sorbing solutes, the possible former positions of the observed particle also depend on the phase of the particle at the observation location. As an example, consider a sorbing solute, with partitioning between the aqueous and sorbed phases defined by
where C and C S are the aqueous and sorbed phase concentrations, q is porosity, r b is bulk density, K d is the partition coefficient, and a s is the rate constant. Valocchi and Quinodoz [1989] showed that for this first-order, linear, reversible reaction, the random amounts of time that particles spend in the aqueous and the sorbed phases are defined by exponential probability density functions. The PDF for the time a particle spends in the aqueous phase is given by
where r b K d a s /q is the exponential parameter; while the PDF for the time a particle spends in the sorbed phase has a parameter of a s , and is given by
From (3) and (4), the expected values of the amount of time a particle spends in the aqueous and sorbed phases are q/(r b K d a s ) and 1/a s , respectively. For a slowly sorbing solute, a s is small; therefore a particle that is presently in the sorbed phase is likely to remain in the sorbed phase for a relatively long time. Likewise, if a particle is observed in the sorbed phase, it is likely to have been in the sorbed phase in the recent past, and therefore is not likely to have traveled from distant points in the aquifer. Similarly, if a particle is observed in the aqueous phase, it is likely to have been in the aqueous phase in the recent past, and therefore could have traveled from more distant locations. For sorbing solutes, four different backward location PDFs can be obtained depending on the former phase (aqueous or sorbed) of the contaminant particle and the observed phase (aqueous or sorbed) [Neupauer and Wilson, 2004a] .
[7] In the adjoint model, the observation location is treated as an instantaneous point source of the adjoint state, representing a probability of unity that the contaminant particle was at the observation location at the time of sampling. The adjoint model does not, however, make use of the measured concentration, a quantity that can provide additional information about the source of contamination. If contamination is measured at two locations, the adjoint model weights each observation equally when calculating the backward location PDF [Neupauer and Wilson, 2005] ; however the observation with the higher concentration is likely to be more informative and therefore should receive more weight. Recently, Neupauer and Lin [2006] presented a method for conditioning backward probability density functions on measured concentrations for non-reactive solutes. They showed that conditioning improved the accuracy and decreased the variance of the PDFs unless measurement errors were large. In this paper, we extend the conditioned backward probability model to handle reactive solutes. We consider solutes that undergo first-order decay and linear equilibrium or non-equilibrium sorption.
[8] Source locations can also be identified with a forward modeling approach. For each suspected source location, a forward simulation can be run with a simulated source of contamination at the suspected source location. The simulated concentration distributions can be compared to the measured concentrations to determine which of the suspected source locations are feasible. This approach requires one simulation for each suspected source location, so if the number of possible source locations is large, this approach is computationally inefficient. The adjoint model, on the other hand, obtains information about all possible source locations with one simulation, and therefore is more effi-2 of 11
cient if the number of observations is small relative to the number of possible sources.
[9] Another method that can be used to identify source locations is backward particle tracking. In this method, particles are placed at the current location of the contaminant plume, and the particles are tracked backward in time following the advective flow paths. The final locations of the particles identify possible source locations. An advantage of the adjoint method over backward particle tracking is that the adjoint method accounts for unmodeled spatial variability of velocities through the dispersion coefficient. Because of these uncertainties, the adjoint method produces a PDF of the possible source locations, which can be used to differentiate among possible source locations. A related approach is the backward random walk, which incorporates a random particle movement into backward particle tracking to account for dispersion and uncertainty in particle velocities [Uffink, 1989; Fogg et al., 1999] . This is equivalent to the adjoint method.
[10] In the next section, we present the adjoint equations for obtaining the unconditioned backward location PDFs for solutes that are subject to first-order decay and linear sorption. This combines the results of Wilson [2003, 2004a] for decaying and sorbing solutes, respectively. In subsequent sections, we present the theory for conditioning the backward location PDFs on the measured concentrations. This conditioning follows the approach of Neupauer and Lin [2006] , with modifications to account for sorption and first-order decay. Finally, we present an example of the approach to identify possible sources of a trichloroethylene (TCE) plume at the Massachusetts Military Reservation. This application was first presented by Neupauer and Wilson [2005] using unconditioned PDFs. We use this application here to demonstrate the benefit of conditioning on measured concentrations.
Development of Conditioned Location Probability Density Functions
[11] If one or more observations of contamination are made, a backward probability model can be used to identify the location and phase (aqueous or sorbed) of the contamination source. We assume that N A observations of contamination were made in the aqueous phase, and N S observations were made in the sorbed phase (e.g., soil samples were analyzed and found to be contaminated). The observed aqueous concentrations areĉ = [ĉ 1 ,ĉ 2 , . . ., c NA ] whereĉ i =ĉ(x wi , t wi ) is the observed aqueous concentration at location x wi at backward time t wi . Backward time is defined as the amount of time prior to the most recent sampling event. Similarly, the observed sorbed phase concentrations areĉ S = [ĉ S N A +1 ,ĉ S N A +2 , . . .ĉ S N A +N S ] wherê c Sj =ĉ S (x wj , t wj ) is the observed sorbed phase concentration at location x wj at backward time t wj , j = N A + 1, N A + 2, . . ., N A + N S . We define {x w } = [x w1 , x w2 , . . ., x N A + N s ] and we define {t w } = [t w1 , t w2 , . . ., t N A + N s ] as the vectors of sample locations and sample times, respectively.
[12] In this section, we develop equations for conditioning backward location probability density functions on these measured aqueous and sorbed phase concentrations. We begin with background information on the unconditioned location PDFs for sorbing and decaying solutes, followed by the PDFs for measured concentrations. Finally, we use these two quantities, along with Bayes' theorem, to obtain conditioned backward location PDFs for decaying and sorbing solutes. This derivation follows a similar approach by Neupauer and Lin [2006] for a non-reactive solute. The extension to reactive solutes is complicated by having two possible observation phases (aqueous and sorbed), two possible source phases, and the possibility of decay.
Unconditioned Backward Location Probability Density Functions
[13] Unconditioned backward PDFs are related to adjoint states of concentration and can be obtained by solving the adjoint of a forward contaminant transport equation. Wilson [2003, 2004a] developed a model to produce unconditioned backward location probability density functions (PDFs) for reactive solutes that exhibit either first-order decay or linear equilibrium or non-equilibrium sorption. We present their main points in this section.
[14] As an example of a forward transport equation, we use the advection-dispersion-reaction equation, with linear non-equilibrium sorption and first-order decay, given by
where C(x, t) (in units of mass of solute per volume of water) and C S (x, t) (in units of mass of solute per mass of solid) are the aqueous and sorbed phase concentrations, respectively, t is time, x is the position vector (x = [x 1 , x 2 , x 3 ]), q is porosity, r b is bulk density, D ij is the i, jth entry of the dispersion tensor (i, j = 1, 2, 3), v i is the groundwater velocity in the x i direction, l A and l S are first-order decay rates in the aqueous and sorbed phases, respectively, q I is fluid inflow rate per unit volume, C I is inflow concentration, q O is fluid outflow rate per unit volume, a s is a rate constant, K d is the partition coefficient, C Ai and C Si are the initial aqueous and sorbed phase concentrations, respectively, g 1 (t), g 2 (t), and g 3 (t) are known boundary functions, G 1 , G 2 , and G 3 are the domain boundaries, and n i is the outward unit normal vector in the x i direction. We assume that aquifer properties can vary in space but are constant in time. Note that the boundary conditions shown in (5) are consistent with the boundary conditions used in many transport codes, including MT3DMS [Zheng and Wang, 1999] . With these boundary conditions, an outflow boundary would be represented by G 2 , with g 2 (t) = 0. This homogeneous Neuman boundary condition allows advective mass flux out of the domain, but does not allow dispersive mass flux. Other codes, such as WATFLOW [Molson et al., 2002] , use an implicit Neuman boundary conditions [Frind, 1988; Cornaton et al., 2004] that allows for both advective and dispersive mass flux at an outflow boundary. Cornaton et al. [2004] have shown that the implicit Neuman boundary condition is more representative of the physical conditions at an outflow boundary. In this work, we consider only the three boundary types shown in (5).
[15] The form of the adjoint of (5) that is used in the backward probability model is Wilson, 2003, 2004a] 
where f A (x, t) and f S (x, t) are adjoint states of C and C S , respectively, t is backward time (time before sampling), t w is the observation time (in backward time), and Q S (x, t) is a load term that depends on the phase (aqueous or sorbed) of the observation: Q S (x, t) = 0 for an aqueous phase observation, and Q S (x, t) = d(x À x w )d(t) for a sorbed phase observation. The adjoint equation has the same form as (5), except that the flow field is reversed, the time derivative is in terms of backward time t, and the boundary conditions are slightly changed.
[16] The adjoint states are related to backward location PDFs through
where f x,P o (x, p o = k; p w = l, t, x w , t w ) describes the random former position X and random former phase P o (A = aqueous, S = sorbed) at backward time t of a contaminant particle that was observed in phase p w = l (l = A, S) at the observation location x w and at backward time t = t w , and the superscript l on the adjoint state denotes the observation phase [Neupauer and Wilson, 2004a] . In the probability notation, variables to the left of the semi-colon are random variables, and variables to the right of the semi-colon are deterministic parameters. Also, capital letters denote random variables and lower case letters denote a particular value. Finally, the subscript o denotes the source or former position, and the subscript w denotes the observation well or the current location. Note that the backward location PDFs are mixed continuous and discrete PDFs because the source location is a continuous random variable, while the source phase is a discrete random variable with two possible values:
[17] For multiple observations, a multiple-observation location PDF describes the possible former position of all observed particles at time t assuming that they all were at the same location and in the same phase at time t. Suppose N A observations of the contaminant were made in the aqueous phase, and N S observations of the contaminant were made in the sorbed phase. The multiple-observation unconditioned backward location PDF is given by [Neupauer and Wilson, 2005] 
where f X,P o (x, p o = k; p w = l, t, x w , t w ) are the unconditioned location PDFs shown in (7) and (8). At this time, the multiple-observation unconditioned backward location PDF has only been developed for a single instantaneous point source of contamination. For preliminary results on the extension to multiple instantaneous point sources of contamination, see Lin [2003] . [18] Notice that the equation for the adjoint states (6) has decay terms, indicating that the adjoint states (and therefore the PDFs) decay over time. This implies that more distant sources and earlier release times (later backward times) are less likely than sources near the observation location or with later release times (earlier backward times) because a contaminant particle that was released farther upgradient or at an earlier time would be more likely to have decayed before reaching the observation location [Neupauer and Wilson, 2003 ]. Since a contaminant particle that is observed obviously did not decay, a modeler can choose to disregard this possibility of decay by conditioning the PDF on the fact that the observed contaminant particle did not yet decay by the time it was observed. This is accomplished by normalizing the PDF by the total probability at backward time t [Neupauer and Wilson, 2002] . For the location PDF, when the first-order decay rate is uniform, this normalization is identical to eliminating the decay term from the adjoint equation.
PDFs of Measured Concentrations
[19] The conditioning procedure described in the next section relies on the comparison of measured and simulated ð9Þ contaminant concentrations. The conditioned backward modeling procedure identifies the most likely source locations to be the locations from which a release of contamination produces simulated concentrations at all observations that are similar to the measured concentrations. The simulated concentrations will not be identical to the measured concentrations. The model is a simplified version of reality, and therefore it does not capture all of the heterogeneities that exist in the true aquifer. In the model, some of the heterogeneity is accounted for in the dispersion coefficient; however, Fitts [1996] has shown that this leads to simulated concentration distributions that are smoother than actual distributions. Also, in a finite difference model, the simulated concentrations are averages over the grid block, while the measured concentrations are essentially taken at points in the horizontal plane; thus, the simulated concentrations do not represent the same sample volume as the measurements.
[20] To account for the differences between measured and simulated concentrations, we define a PDF on the measured concentration that is based on the simulated concentration. We assume that the measured concentrations,ĉ andĉ S , contain random measurement error [Neupauer and Lin, 2006] , such that
where hC(x wi , t wi jm o , x o , p o ; t)i is the expected value of the aqueous concentration at location x wi at backward time t wi , given a source of mass m o at location x o at time t in phase p o (p o = A for an aqueous phase source, and p o = S for a sorbed phase source), hC S (x wj , t wj jm o , x o , p o ; t)i is the expected value of the sorbed phase concentration at location x wj at backward time t wj , given a source of mass m o at location x o at time t in phase p o , and i and j are the errors. In the notation in (10) and (11), the PDF is conditioned on variables to the right of the vertical bar.
[21] We assume that the errors, i and j , are normally distributed with zero mean and variances of s i 2 and s j 2 , respectively. If measurement errors do not follow a normal distribution, other error models can be used. Lin [2003] found that the variance of the measurement error has a substantially greater effect on the conditioned backward PDF than does the choice of distributions of measurement error. With the assumption of normally distributed random measurement error, the measured aqueous and sorbed phase concentrations,ĉ i andĉ S j , are also normally distributed random variables whose probability density functions are given by where the two PDFs on the right-hand side are the normal distributions defined in (12) and (13).
Conditioned Backward Location PDFs
[23] In this section, we develop the backward location PDF for a reactive solute (first-order decay and linear sorption) that is conditioned on measured concentrations. We assume that the source of contamination was an instantaneous point source in either the aqueous phase or the sorbed phase, and that the release time was known. The backward PDF identifies the possible former positions and the former phase of an observed contaminant particle at the time of release. Since the source mass M o , location X o , and phase P o are all unknown (random) variables, we first develop a joint PDF on these three random variables that is conditioned on the measured concentrations, and then we find the marginal distribution over all possible values of source mass. This is similar to the approach followed by Neupauer and Lin [2006] ; however the source phase for their conservative solute was known to be the aqueous phase, so the joint distribution only contained the two random variables X o and M o .
[24] Let us define f M, The denominator is identical to the numerator, except that it is integrated over the source mass and spatial domains, and summed over the two possible (discrete) former phases, p o = A, S, where A = aqueous and S = sorbed.
[25] The first probability density function in both the numerator and the denominator in (15) is given by (14). The second probability density function in the numerator and denominator represents the joint PDF of source mass, location, and phase in the absence of any concentration information. Since source mass is independent of source location and phase, this joint PDF can be separated into the product of two PDFs, given by
[26] The first PDF on the right-hand side is a PDF of source mass alone. In the absence of any other information, we assume a uniform distribution for source mass. The second distribution is the unconditioned location PDF for multiple observations given by (9) .
[27] Substituting (9), (14), and (16) into (15), and integrating over the source mass domain, we obtain where b x accounts for the uniform distribution of source mass and for the denominators in (15) and (9) by ensuring that the total probability is unity. The distributions onĈ i and C Sj given source mass, location, and phase are the normal distributions defined in (12) and (13), respectively, with mean values equal to the expected values of concentrations.
The expected values are related to the unconditioned location probability density functions [Dagan, 1982] , and therefore are related to the adjoint states (backward model results) through
Because the adjoint states are used as shown here to estimate the true concentration, it is important that appropriate adjoint states are chosen. As mentioned above, if first-order decay is modeled, the adjoint state (and PDF) also decays, indicating that the observed contaminant particle could have decayed if it had come from more distant sources. The modeler can instead choose to condition the PDF on the fact that the observed contaminant particle did not decay. The appropriate adjoint states to use in (18) and (19) are those obtained from (6) with the decay.
[28] In summary, the conditioned backward location PDF in (17) is obtained by first solving the adjoint equation once for each observation. The resulting adjoint states are used in the expressions in (7) and (8) to obtain the unconditioned PDFs, and in (18) and (19) to obtain the true concentrations. The true concentrations from (18) and (19) are used in (12) and (13) to obtain the PDFs of the measured concentrations. The unconditioned PDFs and the PDFs of the measured concentrations are substituted into (17), to obtain
where l = A for the aqueous phase backward location PDF, l = S for the sorbed phase backward location PDF, and b x is given by
Illustrative Example
[29] Consider a one-dimensional, semi-infinite domain (x 1 ! 0), with a pumping well at x 1 = 0 and an instantaneous point source of contamination at x 1o = 200 m, with flow toward the pumping well (i.e., in the Àx 1 direction). For the parameter values shown in Table 1 , the resulting aqueous and sorbed phase concentration distributions at t = 100 days after release from an instantaneous point source of contamination in the aqueous phase ( Figure 1a . These plumes are obtained by solving (5) in Laplace space and numerically inverting the Laplace transforms using the Talbot algorithm [Jury and Roth, 1990] . The aqueous plume travels toward the pumping well, with the peak aqueous phase concentration occurring near x 1 % 148 m, and the peak sorbed phase concentration occurring near x 1 % 178 m. After t = 100 days, 30% of the original mass has decayed, while 70% (% e Àlt , l = l A = l S ) remains in the aquifer.
[30] To illustrate the conditioned backward location probability density function, we use two observationsan aqueous phase observation ofĈ = 5.5 Â 10 À3 g/m 3 at x w1 = 100 m, and a sorbed phase observation ofĈ S = 2.7 Â 10 À6 g/kg (r bĈS /q = 0.013 g/m 3
) at x w2 = 150 m. Both samples are taken at forward time t = 100 d, which is equivalent to backward time t = t 1 = t 2 = 0. The ð17Þ unconditioned backward location PDFs at t = 100 days before observation are shown in Figures 1b and 1c , for the aqueous and sorbed phase observations, respectively (See Neupauer and Wilson [2004b] for a discussion of the numerical implementation of the backward probabilistic model).
[31] For the observation made in the aqueous phase at x 1w = 100 m, the solid line in Figure 1b represents the possible former positions of the contaminant particle at t = 100 days before observation if it had been in the aqueous phase at that time, and the dashed line represents the possible former positions if it had been in the sorbed phase at that time. If the observed particle had been in the aqueous phase at t = 100 days prior to observation, its most likely former position is x 1 % 152 m. If it had been in the sorbed phase, its most likely former position is x 1 % 122 m. The area under the PDFs represent the probability that the observed contaminant particle was in the given phase at any location. The results show a probability of 0.29 that the observed contaminant particle was in the aqueous phase at time t = 100 days before observation, a probability of 0.42 that it was in the sorbed phase. The remaining probability (a probability of 0.29) accounts for the possibility that a particle released into the aquifer at t = 100 days prior to sampling would have decayed prior to the sampling time, and therefore was not present in the aquifer at t = 100 days.
[32] For the sorbed phase observation at x w2 = 150 m, Figure 1c shows the backward location probabilities at t = 100 days before observation, for both the aqueous and the sorbed phases. For an aqueous former phase, the most likely prior location was at x 1 % 172 m; while for a sorbed former ). (e) Conditioned backward location PDFs for t = 100 days before observation at x w1 = 100 m in the aqueous phase and at x w2 = 150 m in the sorbed phase with small error levels. (f) Conditioned backward location PDFs for t = 100 days before observation at x w1 = 100 m in the aqueous phase and at x w2 = 150 m in the sorbed phase with moderate error levels.
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NEUPAUER ET AL.: BACKWARD PROBABILITY MODELING phase, the most likely prior location is the observation location (x 1 = 150 m). The observed contaminant particle has a probability of 0.28 of having been in the aqueous phase, a probability of 0.43 of having been in the sorbed phase, and a probability of 0.29 of not being in the aquifer at that time (i.e, if it were in the aquifer, it would have decayed prior to observation).
[33] The unconditioned multiple observation location probability density functions, obtained from (9), are shown in Figure 1d . The solid line represents the possible source locations assuming that the two contaminant particles originated from the same source in the aqueous phase. The most likely source location is at x 1 % 164 m. The dashed line represents the possible source locations assuming that the two contaminant particles originated from the same source in the sorbed phase, and indicates that the location of the sorbed phase observation (x 1 = 150 m) is the most likely source location. The normalization in the denominator of (9) forces the total probability to be unity; therefore unlike the single observation probability density functions, it is not possible to determine the likelihood that the source was in a particular phase. In the absence of any concentration information, the unconditioned backward location probability density functions are controlled by the location of the observations.
[34] The unconditioned PDFs have a large variance, with the range of possible source locations extending from x 1 % 90 m to x 1 % 300 m. This large range of possible source locations represents any source location that could produce an observable concentration at the observation location at t = 100 days after release from the source. Source locations that would result in high concentrations at the observation location have high values of the unconditioned PDF, and source locations that would result in low concentrations at the observation location have low values of the PDF. Since there are many possible source locations that could produce a finite (i.e., non-zero) concentration at the observation location, the unconditioned PDF has a large variance. The variance can be reduced by conditioning on the measured concentrations.
[35] The conditioned backward location PDFs, obtained from (20), are shown in Figure 1e and f for small (1-2% of the measured concentration) and moderate (10-20% of the measured concentration) levels of measurement error, respectively. For small error levels, (Figure 1e , s 1 = 1 Â 10 À4 g/m 3 and s 2 = 2 Â 10 À8 g/kg), the conditioned aqueous backward location PDF correctly identifies the true source location and phase (x 1o = 200 m, in the aqueous phase) as the most likely location of the source. The uncertainty is small, as indicated by the narrow spread of the PDF. This demonstrates that conditioning on measured concentrations can substantially improve our ability to identify the location of a contaminant source. The conditioned sorbed phase backward location PDF is essentially zero everywhere, indicating a probability of essentially zero that the contaminant was released from the source in the sorbed phase, which is consistent with the true conditions.
[36] For moderate error levels ( Figure 1f , s 1 = 1 Â 10 À3 g/m 3 and s 2 = 2 Â 10 À7 g/kg), the conditioned aqueous phase backward location PDF indicates that the most likely source location is near the true source location (x 1o = 200 m); however, the uncertainty is increased relative to the PDF shown in Figure 1e for smaller error levels. Relative to the unconditioned PDF (Figure 1d) , the uncertainty in this conditioned PDF is decreased, as shown by the narrower spread of the PDF. The conditioned sorbed phase backward location PDF shows that the most likely position of a sorbed phase source is near the location of the sorbed phase observation, at x 1 = 150 m. These results show that the uncertainty in the backward location PDFs increases as measurement error increases. Neupauer and Lin [2006] have shown that as the error level increases, the concentration measurements provide less information and the results approach the unconditioned PDFs.
Field Application: Massachusetts Military Reservation
[37] In this section, we demonstrate the use of the conditioned backward PDF using an example of identifying the source of a trichloroethylene (TCE) plume at the Massachusetts Military Reservation (MMR). The outline of the plume in 1997 is shown in Figure 2 . Two suspected sources of TCE are the former BOMARC Missile Site (see [38] Zheng and Wang [2002] developed a flow and transport model to optimize the design of the remediation system for the MMR TCE plume. Neupauer and Wilson [2005] used this model without the remediation system in operation to obtain a pre-remediation flow field that represents the flow field that controlled the movement of the plume. This pre-remediation flow field was used to model unconditioned backward location PDFs for the three observations of TCE shown in Figure 2 (See Table 2 for additional information). The unconditioned PDFs represent the possible positions of the three observed contaminant particles in 1962, the year that BOMARC operations began. Neupauer and Wilson [2005] concluded that the samples were likely to have originated near BOMARC and CS-22.
[39] The results of Neupauer and Wilson [2005] were obtained by ignoring natural recharge, and were based on the modified adjoint states that were conditioned on the fact that the observed contaminant particle did not decay (i.e., elimination of the decay term in (6)). As mentioned above, these modified adjoint states are not appropriate with the conditioning step, so we reproduced the unconditioned PDFs to allow for decay, and to include natural recharge. The unconditioned PDFs for 1962 are shown in Figures 3a -3c for Samples 1 -3, respectively. The plot region for these plots is shown in Figure 2 . Figure 3d shows the multipleobservation backward location PDF for these three samples, representing the possible source location of the three samples assuming they were released from the same location in 1962. In all cases, the unconditioned backward location PDFs are in the vicinity of BOMARC and CS-22, indicating that both are possible sources of contamination. The backward location PDFs are three-dimensional, but to simplify the presentation, we present vertically averaged PDFs.
[40] Next, we condition these PDFs on their measured concentrations. All three samples were observed in the aqueous phase, therefore N A = 3 and N S = 0 in (20). The measured concentrations and standard deviations of measurement error are shown in Table 2 ; these were used in (12) to obtain PDFs for the measured concentrations. The true concentrations in (12) are obtained from (18) using the adjoint states and a range of possible source masses. For this example, we used a range of source masses with 50 mass values uniformly spaced in log space between 100 g to 10,000 g, such that m o = [100 g,. . ., (100 g)100 k/49 ,. . ., 10,000 g], for k = 1, 2,. . . 50. The selected range of source masses can affect the location of the conditioned backward location PDFs. To determine the appropriate source mass range, we evaluated (20) with several different source mass ranges that extended over one order of magnitude, e.g., 0.1 g À 1 g; 1 g À 10 g; 10 g À 100 g, etc, and the magnitude of the integral in (20) was analyzed. The ranges that had a relatively large value of the integral were included in the final calculation.
[41] The integration over the source mass domain in (20) was approximated as a summation, given by , and w k is a weighting function. Here we used w 1 = w 2 = ÁÁÁ = w k = ÁÁÁ = w 50 . The resulting conditioned backward location PDF was vertically integrated to simplify the presentation, and is shown in Figures 3e and 3f . The highest values of the conditioned backward location PDF occur to the southwest of CS-22, indicating that the region near CS-22 is the more likely source location. The results also show that conditioning substantially decreases the uncertainty.
Conclusion
[42] Backward location probability density functions can be used to identify former positions or source locations of contaminant particles that are observed in an aquifer. For a sorbing solute, the PDFs depend on the phase of the observation and on the former phase of the contaminant particle. Backward aqueous and sorbed phase location PDFs can be obtained by solving the adjoint of a forward contaminant transport model; however, these PDFs are based only on the observation location and time, and ignore the measured concentrations. We developed a new approach for conditioning backward location PDFs on measured concentrations. The approach consists of two steps. In the first step, unconditioned backward location PDFs are obtained for each observation by solving the adjoint of a forward contaminant transport equation. In the second step, this backward location PDF is conditioned on the measured concentrations using a formula developed through Bayes' theorem. We showed that the conditioned PDF has a smaller variance than the unconditioned PDF, and it is more accurate. As the measurement error increases, the conditioned PDF approaches the unconditioned PDF.
